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FOURIER-MUKAI TRANSFORMATIONS ON K3
SURFACES WITH ρ = 1 AND ATKIN-LEHNER
INVOLUTIONS
KOTARO KAWATANI
Abstract. We show that there is a surjection from the Fourier-Mukai
transformations on projective K3 surfaces with the Picard number ρ(X) =
1 to so called to the group of Atkin-Lehner involutions. This was ex-
pected in Hosono-Lian-Oguiso-Yau’s paper.
1. Introduction
1.1. Terminologies and backgrounds. Let D(M) be the bounded de-
rived category of coherent sheaves on a projective manifold M . In this
article a projective manifold M ′ is said to be a Fourier-Mukai partner
of M if there is an equivalence Φ: D(M ′) → D(M). Any equivalence
Φ: D(M1) → D(M2) between Fourier-Mukai partners of M is said to be
a Fourier-Mukai transformation on M . The number of isomorphic classes
of Fourier-Mukai partners of M is said to be the Fourier-Mukai number
of M . It is conjectured that the Fourier-Mukai number of any projective
manifold is finite by Kawamata in [Kaw02]. For instance the conjecture
holds for curves (For example see [Huy, mainly in Chapter 5]) and surfaces
([BM01] and [Kaw02]). And also, the conjecture holds for abelian varieties
(essentially [Orl02] and independently [Fav12]).
1.2. The study of [HLOYb]. The main interest of this paper is the relation,
which is predicted by [HLOYb, Remark in page 25], between Atkin-Lehner
involutions and the Fourier-Mukai number of projective K3 surfaces X with
ρ(X) = 1. In the following we briefly recall the study of [HLOYb].
Suppose that X is a projective K3 surface with NS(X) = ZLX and with
L2X = 2d. The numerical Grothendieck group N (X) of X has the Mukai
(or Euler) paring 〈−,−〉 with the signature (2, 1). Then as was shown by
Dolgachev, the isometry group of O+(N (X))/ ± id is isomorphic to Atkin-
Lehner modular group ALd of level d (See also Definition 2.3).
Now recall that any autoequivalence on D(X) induces an isometry on
N (X). Then we have a representation from Aut(D(X)) to ALd. By virtue of
[HMS09, Corollary 3] we see the image of this representation is Fricke mod-
ular group Frd which is a subgroup of ALd. Surprisingly [HLOYb] showed
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that the index [ALd : Frd] is equal to the Fourier-Mukai number of X. Fur-
thermore they predicts that all Atkin-Lehner involutions are obtained from
Fourier-Mukai transformations Φ : D(Y )→ D(X) on X.
1.3. Our results. In our main theorem, Theorem 3.3, we show that Hosono-
Lian-Oguiso-Yau’s conjecture holds. To formulate our results transparently
we introduce the notion of the groupoid FMX consisting of Fourier-Mukai
transformations on X (See Definition 3.1). Moreover we construct an ex-
plicit correspondence between cosets of ALd/Frd and Fourier-Mukai partners
of X. Namely we have the surjective functor
ρ˜ : FMX → O+(N (X)),
where O+(N (X)) is the orientation preserving isometry group of N (X).
Now recall [HMS09, Corollary 3]: There is a surjection
ρ : Aut(D(X))→ O+Hodge(H∗(X,Z))
(See also Theorem 2.7). If we restrict ρ˜ to Aut(D(X)), this gives the rep-
resentation ρ. Hence our theorem can be regarded as a slight generalization
of [HMS09, Corollary 3].
Acknolegement. The author was partially supported by Grant-in-Aid for
Scientific Research (S), No 22224001.
2. Preliminaries
2.1. Induced morphisms on H. To discuss the relation between Fourier-
Mukai transformations and Atkin-Lehner modular group, we recall the rep-
resentation of Fourier-Mukai transformations to PSL2(R), the automor-
phism group of the upper half plain H.
We first consider the numerical Grothendieck group
N (X) = H0(X,Z)⊕NS(X)⊕H4(X,Z).
The Mukai paring (or Euler paring) on N (X) is given by
〈r⊕ c⊕ s, r′⊕ c′⊕ s′〉 = cc′ − rs′ − sr′.
By the Hodge index theorem, the index of the Mukai paring is (2, ρ(X)).
For objects E ∈ D(X) we put v(E) = ch(E)√tdX and call it the Mukai
vector of E. One can check that v(E) = r⊕ c⊕ s ∈ N (X) and see that
r = rankE, c = c1(E) and s = χ(X,E) − rankE by using Riemann-Roch
theorem.
Let D+(X) be one of the connected component
{[v] ∈ P(N (X) ⊗ C)|v2 = 0, vv¯ > 0}
containing [exp(
√−1ω)] where ω is an ample divisor. As is well-known
D
+(X) is isomorphic to the tube domain NS(X)R × C+(X) where C+(X)
is the positive cone:
NS(X)R × C+(X) ∋ (β, γ) 7→ [exp(β +
√−1γ)] ∈ D+(X)
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We remark that if ρ(X) = 1, D+(X) is canonically isomorphic to the upper
half plain H:
H ∋ u+√−1v 7→ [exp ((u+√−1v)L)] ∈ D+(X),
where L is an ample basis of NS(X).
Now suppose that X and Y are K3 surfaces with ρ(X) = ρ(Y ) = 1 and
Φ : D(Y )→ D(X) is an equivalence. We put the degree of X and Y by 2d.
Since Φ induces the orientation preserving isometry ΦN : N (Y )→ N (X) by
[HMS09, Theorem 2], we obtain the morphism
Φ∗ : D+(Y )→ D+(X).
Since both D+(Y ) and D+(X) are H, we obtain the automorphism on H by
using the canonical isomorphism:
Φ∗(uY +
√−1vY ) = uX +
√−1vX .
This automorphism was calculated by the author [Kaw12, Lemmas 3.1 and
3.2]. To explain these lemmas, we set the following:
v(Φ(Oy)) = rX ⊕nXLX ⊕ sX and v(Φ−1(Ox)) = rY ⊕nY LY ⊕ sY .
Here x ∈ X and y ∈ Y are closed points. Then Φ∗ is given as follows:
Proposition 2.1 ([Kaw12, Lemmas 3.1 and 3.2]). Let Φ: D(Y ) → D(X)
be an equivalence between projective K3 surfaces with ρ = 1 and let Φ∗ be
the induced automorphism on H.
(1) We have r = rX = rY . Moreover if rX = 0, then
Φ∗(uY +
√−1vY ) = xY +m+
√−1vY
for some m ∈ Z.
(2) Suppose that r 6= 0. Then Φ∗ is given by
Φ∗(uY +
√−1vY ) = 1
d|r| ·
−1
(uY +
√−1vY )− nYr
+
nX
r
.
Original proof is written in terms of Bridgeland stability conditions on
X. So, for the convenience of readers we write the proof.
Proof. Recall v(Ox) = 0⊕ 0⊕ 1. Then we see
−rX = 〈v(Φ(Oy)), v(Ox)〉 = 〈v(Oy), v(Φ−1(Ox))〉 = −rY .
Thus we see rX = rY . Moreover, if rX = 0 then one can see that Y is
isomorphic to X and that the equivalence Φ is numerically equivalent to
⊗(mLX) for some m ∈ Z via an isomorphism f : Y → X (The details are
in [Kaw12, Lemma 3.1]).
The second assertion follows from [Kaw12, Lemma 3.2]. We recall the
proof.
One can easily see
ΦH(exp((uY +
√−1vY )LY )) = λ exp((uX +
√−1vX)LX)
for some λ ∈ C∗.
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Put βX +
√−1ωX = uXLX +
√−1vXLX (respectively Y ). We can define
the function Z(βX ,ωX) : N (X)→ C, which is usually called a central charge:
Z(βX ,ωX)(E) := 〈 exp(βX +
√−1ωX , v(E))〉
=
v(E)2
2r
+
r
2
(
ωX +
√−1(c
r
− βX)
)2
,
where v(E) = r⊕ c⊕ s. Then we see
λ = −〈ΦH(exp(βY +
√−1ωY )), v(Ox)〉
= −〈 exp(βY +
√−1ωY ), v(Φ−1(Ox))〉
= −Z(βY ,ωY )(Φ−1(Ox)),
and
−1 = 〈 exp(βY +
√−1ωY ), v(Oy)〉
= 〈ΦH(exp(βY +
√−1ωY )), v(Φ(Oy))〉
= λ · Z(βX ,ωX)(Φ(Oy)).
Thus we have
1 = Z(βY ,ωY )(Φ
−1(Ox)) · Z(βX ,ωX)(Φ(Oy)).
Since v(Φ(Oy))2 = v(Φ−1(Ox))2 = 0, we have
Z(βY ,ωY )(Φ
−1(Ox)) = r
2
(
vY +
√−1(nY
r
− uY
))2
L2Y
and
Z(βX ,ωX)(Φ(Oy)) =
r
2
(
vX +
√−1(nX
r
− uX
))2
L2X .
Since L2X = L
2
Y = 2d we see
(uX − nX
r
) +
√−1vX = ±1
d|r| ·
1
(uY − nYrY ) +
√−1vY
.
Since the left hand side is in the upper half plain H, the imaginary part of
the left hand side is positive. Hence we have
(uX − nX
r
) +
√−1vX = −1
d|r| ·
1
(uY − nYr ) +
√−1vY
.
Thus we have finished the proof. 
2.2. Atkin-Lehner and Fricke involutions. In this section we recall the
Atkin-Lehner involutions and Fricke involutions. As usual we put
Γ0(d) = {
(
α β
γ δ
)
∈ PSL2(Z)|γ ∈ dZ}.
For integers s, d ∈ Z we define the symbol s||d by
(2.1) s||d def⇐⇒ s|d and gcd(s, d
s
) = 1.
FM TRANSFORMATIONS AND ATKIN-LEHNER INVOLUTIONS 5
Suppose that s||d. We put
Ws = { 1√
s
(
α β
γ δ
)(
s 0
0 1
)
∈ PSL2(R)|γ ∈ d
s
Z and δ ∈ sZ}.
Ws is also given as
Ws = {
(
α
√
s β√
s
γ d
s
√
s δ
√
s
)
∈ PSL2(R)|α, β, γ and δ ∈ Z}.
In particular we see W1 = Γ0(d).
For cosets Ws one can easily check the following:
Lemma 2.2 ([CN79]). Each Ws is in the normalizer of Γ0(d) in SL2(R).
In addition the coset classes Ws and Ws′ satisfies the following rule:
W 2s =W1,WsWs′ =Ws′Ws =Ws∗s′,
where s ∗ s′ = ss′
gcd(s,s′)2
Definition 2.3. We put
ALd :=
⊔
s||d
Ws and Frd :=W1 ⊔Wd.
We call ALd and Frd respectively the Atkin-Lehner modular group and the
Fricke modular group.
Remark 2.4. By the above lemma we see both sets ALd and Frd have
group structures. Moreover, ALd is the abelian normalizer group of Γ0(d) in
PSL2(R). Since WsWd = W d
s
, the coset decomposition of ALd/Frd is given
by
ALd/Frd =
⊔
s||d
(Ws ⊔W d
s
).
2.3. An explicit construction of Fourier-Mukai partners of X. In
this subsection we recall the work of [HLOYa] which is an explicit construc-
tion of Fourier-Mukai partners of X with NS(X) = ZL. Put L2 = 2d as
usual.
We set the set Pd by
Pd = {r ∈ N|r||d}/ ∼
where r1 ∼ r2 if and only if r1 = r2 or r1 = dr2 .
Theorem 2.5 ([HLOYa, Theorem 2.1]). Let X be a projective K3 surface
with NS(X) = ZL. Put L2 = 2d. There is a one to one correspondence
between Pd and the set FMX of isomorphic classes of Fourier-Mukai partners
of X:
Pd ∋ r 7→ML(r⊕L⊕ d
r
) ∈ FMX .
Here ML(r⊕L⊕ s) is the fine moduli space of µL-stable sheaves with Mukai
vector r⊕L⊕ s.
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2.4. Lattices and modular groups. The aim of this subsection is to recall
Dolgachev’s theorem.
Let Nd = Ze0⊕Zℓ⊕Ze4 be the abstract lattice with the intersection
matrix Σ where
Σ =

 0 0 −10 2d 0
−1 0 0

 .
Let O(Nd) be the orthogonal group of Nd:
O(Nd) = {g ∈ GL3(Z)|tgΣg = Σ}.
Put O+(Nd) be the subgroup consisting of g ∈ O(Nd) which preserves the
orientation of positive 2 plane in NR = Nd ⊗Z R. Since the intersection
form is non-degenerate, we see Nd ⊂ N∨d = Hom(Nd,Z) in NR. Hence
g ∈ O(Nd) induces the isometry on the discriminant lattice ANd = N∨d /Nd
with respect to the natural quadratic form. We define O(Nd)
∗ by the kernel
of the morphism O(Nd)→ O(ANd) and defineO+(Nd)∗ = O+(Nd)∩O(Nd)∗.
Now put SO+(Nd) = {g ∈ O+(Nd)|det g = 1}. Then SO+(Nd) is iso-
morphic to PSL(2,R) by the following morphism
R : PSL(2,R)→ SO+(Nd),
(
α β
γ δ
)
7→

 δ2 2γδ 1dγ2βδ αδ + βγ 1
d
αγ
dβ2 2dαβ α2

 .
Then we have the following sequence of morphisms:
q : O+(Nd)→ O+(Nd)/± idNd ∼→ SO+(Nd) R
−1→ PSL(2,R).
In this situation Dolgachev proves the following:
Theorem 2.6 ([Dol96, Theorem 7.1 and Remark 7.2]). The image q(O+(Nd)
∗)
of O+(Nd)
∗ is the Fricke modular group Frd and the image q(O+(Nd)) of
O+(Nd) is the Atkin-Lehner modular group.
2.5. Modular groups and autoequivalences on D(X). By using Dol-
gachev’s theorem and the theorem of [HMS09] (below), we discuss the re-
lation between the Fricke modular group and the autoequivalence group
Aut(D(X)).
Since X is a K3 surface, any autoequivalence Φ ∈ Aut(D(X)) induces the
Hodge isometry ΦH of the integral cohomology ring H∗(X,Z).
Theorem 2.7 ([HMS09, Corollary 3]). Let X be a projective K3 surface
(not necessary Picard rank 1). Then the morphism
ρ : Aut(D(X))→ OHodge(H∗(X,Z)),Φ 7→ ΦH
is surjective to the orientation preserving isometry group O+Hodge (H
∗(X,Z)).
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In particular we obtain the isometry ΦH |N (X) on the numerical Grothendieck
group N (X). Suppose ρ(X) = 1 with L2X = 2d. Since N (X) is canonically
isomorphic to the abstract lattice Nd. Thus we have the morphism:
(2.2) M : Aut(D(X))
ρ→ O+(H∗(X,Z)) |Nd→ O+(Nd) q→ PSL2(R).
By combining the above two theorems, we obtain the following proposi-
tion.
Proposition 2.8. The morphism M is surjective to the Fricke modular
group Frd.
Proof. We first show Im(M) ⊂ Frd. By Theorem 2.6, it is enough to show
that ΦH |N (X) is in 〈O+(N (X))∗,±id〉 ⊂ O+(Nd).
Since ρ(X) = 1, the restriction ΦH |T (X) to the transcendental lattice
T (X)(⊂ H∗(X,Z)) is ±idT (X) by the result of Oguiso [Ogu02, Lemma 4.1].
Moreover since a single shift [1] is in the kernel of M , we may assume
ΦH |T (X) = idT (X) by composing a single shift. We note that ΦH |T (X) in-
duces the identity on the discriminant lattice of T (X). Since the discrim-
inant lattice AT (X) = T (X)
∨/T (X) of T (X) is canonically isomorphic the
discriminant lattice AN (X) of N (X), ΦH |N (X) is in O+(N (X))∗. Hence
Im(M) contained in Frd by Theorem 2.6.
Conversely we show Frd ⊂ Im(M). Take an arbitrary ϕ ∈ O+(N(X))∗.
Then ϕ⊕ idT (X) extends to the isometry ϕ˜ on the hole lattice H∗(X,Z).
Since ϕ preserves the orientation of N (X), ϕ˜ also preserves the orientation
of H∗(X,Z). Since the natural representation Aut(D(X))→ O+(H∗(X,Z))
is surjective by Theorem 2.7, there is an autoequivalence Φ such that ΦH =
ϕ˜. 
3. Main result and the proof
We first remark that the set of all Fourier-Mukai transformations has
naturally a groupoid structure. Namely we define the following:
Definition 3.1. Let M be a projective manifold. We define the groupoid
FMM as follows:
• Objects of FMM consist of Fourier-Mukai partners of X:
Ob(FMM ) = {W : projective manifold|∃Φ: D(W ) ∼→ D(M)}.
• Morphisms in FMM are Fourier-Mukai transformations beween them:
MorFMM (W,W
′) = {Φ : D(W ) ∼=→ D(W ′),FM transformations on M}
Since any Fourier-Mukai transformation gives Φ : D(W ) → D(W ′) a mor-
phism of FMM , we write as Φ ∈ FMM . We call FMM the groupoid of
Fourier-Mukai transformations on M (or shortly Fourier-Mukai groupoid).
Now suppose that M = X is a projective K3 surface with ρ(X) = 1.
Let Φ : D(Y ) → D(Y ′) be in FMX . Since the numerical Grothendieck
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groups of Y and Y ′ are canonically isomorphic to the abstract lattice Nd,
the equivalence Φ induces the orientation preserving isometry ΦN on Nd.
Namely we have the functor from the groupoid to the isometry group of Nd
by using these canonically isomorphisms:
ρ′ : FMX → O+(Nd),Φ 7→ ΦN .
Remark 3.2. By composing the morphism q : O+(Nd) → PSL2(R), we
obtain the following functor
M = q ◦ ρ′ : FMX → PSL2(R),Φ 7→ q(ΦN ).
Since the restriction of q◦ρ′ to Aut(D(X)) is the same as the group morphism
M : Aut(D(X)) → PSL2(R), we put M = q ◦ ρ′ by abusing notations. By
the definition of the functor M , we see M(Φ) is just the linear fractional
transformation Φ∗ ginve in Proposition 2.1
Theorem 3.3. Let FMX be the Fourier-Mukai groupoid on a K3 surface
X with ρ(X) = 1. We put NS(X) = ZL with L2 = 2d.
(1) The functor M : FMX → ALd is surjective. Namely for any ϕ ∈
ALd, there exists a Fourier-Mukai transformation Φ: D(Y )→ D(X)
in FMX such that M(Φ) = ϕ.
(2) For Φ: D(Y ) → D(Y ′) ∈ FMX , Y is isomorphic to Y ′ if and only
if M(Φ) ∈ Frd.
Proof. Recall Proposition 2.8. By this proposition, it is enough to show that
for any s||d, there is a Fourier-Mukai transformation Φ: D(Y )→ D(X) such
that M(Φ) ∈Ws.
For the integer s, we put r = d
s
and take an isotropic Mukai vector
v ∈ N (X) as v = r⊕LX ⊕ s. Then there exists the fine moduli spaces
ML(r⊕L⊕ s) of µ-stable sheaves with Mukai vector v = r⊕L⊕ s since
gcd(r, L2X , s) = 1. We put Y = ML(r⊕L⊕ s) and let E be the universal
family of the moduli space. We claim that the Fourier-Mukai transformation
ΦE : D(Y )→ D(X) satisfies M(ΦE ) ∈Ws where
ΦE(−) : D(Y )→ D(X),ΦE (−) = RπX∗(E
L⊗ π∗Y (−)).
Put v(Φ−1E (Ox)) = r⊕nLY ⊕ s′. By Proposition 2.1 the linear fractional
transformation M(ΦE) is given by the following matrix:
M(ΦE) =


√
d
r
−√ r
d
r+dn
r2
r
√
d
r
−n
√
d
r

 .
To prove our claim it is enough to show that r+dn
r2
is an integer. To show this,
we consider the inverse Fourier-Mukai transformation Φ−1E : D(X)→ D(Y ).
Then the matrix M(Φ−1E ) is given by
M(Φ−1E ) =

n
√
d
r
−√ r
d
r+dn
r2
r
√
d
r
−
√
d
r

 .
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Since (Φ−1E )
N = ±R◦M(Φ−1E ) ∈ O+(Nd), all coefficient of the 3×3 matrix of
R◦M(Φ−1E ) should be integers. By focusing (2, 1) component of R◦M(Φ−1E )
we see that √
r
d
r + dn
r2
×
√
d
r
=
r + dn
r2
is an integer. This gives the proof of the first assertion.
Now we prove the second assertion. Let Φ: D(Y1)→ D(Y2) ∈ FMX . By
Theorem 2.5 we can assume Yi
fi∼= Mi = MLX (ri⊕LX ⊕ si) (i = 1, 2) with
ri||d. By using these isomorphisms we get the Fourier-Mukai transformation
Φ′ = f2∗ ◦ Φ ◦ f−11∗ : D(M1)→ D(M2).
We note that M(Φ′) =M(Φ) since M(fi∗) = id (i = 1, 2).
By the proof of the first assertion we see that there is an equivalence
Ψi : D(Mi) → D(X) such that M(Φi) ∈ W d
ri
. Then we get the following
commutative diagram:
D(M1)
Φ′−−−−→ D(M2)
Ψ1
y yΨ2
D(X) −−−−−−−→
Ψ2·Φ′·Ψ−11
D(X)
Since Φ˜ = Ψ2◦Φ′◦Ψ−11 is an autoequivalence,M(Φ˜) ∈W1⊔Wd. In particular
by composing an equivalence T ∈ Aut(D(X)) so that M(T ) ∈ Wd, we can
assume that M(Φ˜) ∈ W1. Since Φ ∈ W1 ⊔ Wd, we have to consider two
cases: If Φ ∈W1 then we have
W d
r1
W1W d
r2
=Ws1 ·Ws2 =W1.
Hence we see s1 = s2 and r1 = r2. Thus Y1 = Y2.
If Φ ∈Wd then
W d
r1
WdW d
r2
=Wr1 ·Ws2 =W1.
Thus we see r1 = s2. Since M(r⊕L⊕ s) ∼= M(s⊕L⊕ r) by Theorem 2.5,
we see Y1 ∼= Y2. Thus we have proved the second assertion. 
By combining Proposition 2.8, we obtain the following corollary.
Corollary 3.4. The following functor is surjective:
ρ˜ = |Nd ◦ ρ : FMX ∋ Φ 7→ ΦN ∈ O+(Nd).
Proof. Recall that he functorM : FMX → PSL2(R) factors throughO+(Nd).
Hence we obtain the following commutative diagram:
FMX
M
//
ρ˜ $$❏
❏❏
❏❏
❏❏
❏❏
ALd
O+(Nd)
q
::✉✉✉✉✉✉✉✉✉
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Since M and q are surjective by Theorems 2.6 and 3.3, we see ρ˜ is also
surjective. 
Remark 3.5. Corollary 3.4 can be regarded as the generalization of Theo-
rem 2.7. Furthermore to generalize our result to arbitrary Picard rank cases,
we have to find some canonical identification of numerical Grothendieck
groups between Fourier-Mukai partners.
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